Abstract. Upper and lower bounds on both the largest and smallest singular values of a tournament matrix M of order n are obtained. For most values of n, the matrices M for which equality holds are characterized.
1. Introduction. A tournament matrix of order n is an nn f0,1g-matrix M n such that M n + M T n = J n , I n where J n is the n n matrix of ones and I n is the identity matrix of order n. Eigenvalues of tournament matrices have been studied extensively 5, 9 , 1 3 , 1 7 , 1 2 . In this paper, the singular values are examined.
For an n n complex matrix C, the singular values, 1 C 2 C n C of C are the nonnegative square roots of the eigenvalues of C C or, equivalently, of C C . Thus, if eigenvalues are also taken in nonincreasing order, then 2 i C = i C C = i C C , i = 1; : : : ; n . In particular, 2 1 C = C C = C C, where denotes spectral radius. Also, using Rayleigh quotients, we have 2 1 C = max x x =1 x C Cx, while 2 n C = min x x =1 x C Cx where the maximimum and the minimum are taken over all vectors x 2 C n with x x = kxk 2 2 = 1.
The largest singular value, 1 C, is also called the spectral norm of C because 1 C = max kxk2=1 kCxk 2 = jjjCjjj 2 , the operator norm induced by the usual Euclidean norm k k 2 .
The singular values of C may also be de ned as the n largest eigenvalues of the Throughout the paper, 1 = 1 n will always denote a column vector of n ones, and M = M n a tournament matrix of order n with score vector s = M1 and score variance 2 1 = 2 1 M = 1 n P i s i , n,1 2 2 = s T s n , n,1 2 2 . If n is odd and each e n try of s equals n,1 2 , then M is said to be regular. It is said to be almost regular if n is even and n 2 of the entries of s equal n 2 and the other n 2 entries equal n 2 , 1.
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If C is normal, that is if C C = C C , then the singular values of C are the moduli of its eigenvalues 11, p. 157 . It is easily seen that a tournament matrix M is nearly normal in the sense that the rank one perturbation, M , 1 2 J, is a normal matrix. It is perhaps surprising then to nd in Section 2 that, for xed n, 1 M n is maximized precisely when M n is minimized, that is, when M n is the matrix of a transitive tournament. For n odd, we nd in Section 2 that 1 M n is minimized precisely when M n is maximized, namely when M n is regular. Further, for n even, we prove i n Section 3 that if 1 M n is minimized, then M n must be almost regular. Again there appears to be a connection to M n ; for n even and su ciently large, a recent result supporting an outstanding conjecture of Brualdi and Li 3, Prob. 311 asserts that M n must be almost regular when M n is maximum 15 . However, the tournament matrix conjectured by Brualdi and Li to maximize M n need not minimize 1 M n .
2. Majorization and Singular Values. Let x; y 2 R n . We say that x is weakly majorized by y and write x w y if for each k = 1 ; : : : ; n , the sum of the k largest entries of x is less than or equal to the sum of the k largest entries of y. We say that x is majorized by y and write x y if x w y and P x i = P y i . These de nitions may be rephrased using the matrix of a transitive tournament. Let U = U n = . Since the entries of x are a nondecreasing rearrangement of the entries of w, it follows that S n x 2 + 2 x 3 + + n , 1x n , the sum of the n entries of Ux. Using Rayleigh quotients, we see that the smallest singular value of a tournament matrix M of order n is n M = min kxk2=1 kMxk 2 . Thus, n M 0 with equality holding if and only if M is singular. A complete classi cation of the tournament matrices M with det M = 0 seems di cult to obtain. We mention in passing, however, a striking necessary condition due to Shader 22 : if n M = 0 , then M has score variance 2 1 n,1 4 .
The following theorem characterizes the tournament matrices M whose spectral norm, 1 2. There are other norms j j j j on tournament matrices M n of order n for which jjM n jj jjU n jj. For 1 p 1, let k k p denote the usual p-norm on C n . Then jjjCjjj p = max x6 =0 kCxk p =kxk p , is the operator norm induced by k k p and so is submultiplicative 10, p. 293 . When 1 p 1, the function t = jtj p is strictly convex and strictly increasing for t 0. Thus, when 1 p 1, it follows as in the proof of Theorem 2.2 that jjjM n jjj p jjjU n jjj p with equality holding if and only if M n is the matrix of a transitive tournament. Note that jjjCjjj 1 = max j P i jc ij j is the maximum column sum norm of C while jjjCjjj 1 = max i P j jc ij j is the maximum row sum norm of C. Therefore, jjjM n jjj 1 jjjU n jjj 1 = n , 1 with equality holding if and only if M n has some column sum equal to n , 1, and jjjM n jjj 1 jjjU n jjj 1 = n , 1 with equality holding if and only if M n has some row sum equal to n , 1. 4. The inequality jjM n jj jjU n jj does not hold for every norm, even if we assume that the norm is unitarily invariant and submultiplicative. For example, take jjjCjjj tr = 1 C + + n C, the trace norm of a complex n n matrix C 10, p . 441 , 11, p. 211 . For n 8, a computer search shows that jjjU n jjj tr jjjM n jjj tr for all tournament matrices M n . We h a ve been unable to prove this inequality for all n, For a doubly regular tournament matrix of order n to exist, it is necessary that n 3 mod 4. The converse statement is a classical unsolved problem. Theorem 2.2 gave the exact maximum of the spectral norms 1 M of the tournament matrices M for each order n. Finding the minimum spectral norm for each n is more elusive. We h a ve only been able to do this in the cases where n or n=2 i s an odd integer. Results on walk spaces that appear in 17 will be used. Because of some sign errors in that paper, we rst redevelop the results needed. Thus we m a y also obtain e 1 ; e 2 ; : : : ; e k by successively using e 1 ; A e 1 ; : : : A e k,1 . Because A is skew-symmetric and e j,1 is orthogonal to Spanf e 1 ; : : : ; e j,2 g Spanf e 1 ; A e 1 ; : : : ; A e j,3 g; we h a ve e i T Ae j,1 = ,e j,1 T Ae i = 0 for i = 1 ; : : : ; j , 3 corresponding to M will be a diagonal matrix with the n , k eigenvalues of M with real part , 1 2 on the diagonal. The following proposition provides a lower bound on the spectral norm, 1 M, of a tournament matrix of order n. When n is odd, it agrees with Proposition 2.4 and the regular tournament matrices are those that give equality. When n is even, it will yield the lower bound in Corollary 3.2 below. In that lower bound, equality holds only in the special case that n = 2 m where m is odd. Since dim W M = 2, the vector M 2 1 n must be a linear combination of 1 n and M1 n . Thus the entries of X1 m must all be equal, and the entries of S1 m must all be equal. Therefore, X and S must each have constant row sums and, consequently, so must R and J , X T . Therefore, the tournament matrices R and S must be regular with row sums m , 1=2 and X must have r o w and column sums m , 1=2.
Conversely, it is straightforward to check that if M is a partitioned matrix that satis es these constraints, then dim W M = 2 , 2 1 = 1 4 and equality holds in the bound in Proposition 3.1.
If n = 2m where m is odd, then the minimum spectral norm for tournament matrices of order n is given by the lower bound in Proposition 3.2. Although we d o not know the minimum spectral norm for all cases where n = 2 m, w e will prove i n Theorem 3.5 that any tournament matrix of even order that attains the minimum spectral norm must be almost regular. The following corollary to Proposition 3.1 will be needed in the proof. 
